We construct a supermanifold ST which turns to be an open subset
Introduction
It is well known since long ago [1] that it is possible to encode solutions N = 3 supersymmetric YM-equation in dimension D = 4 by complex structures on a vector bundle defined over an open subset U in a superquadric Q(5|6) (twistor superspace). Symbol n|m denotes dimension of a supermanifold. The quadric Q(5|6) ⊂ P 3|3 × P 3|3 is defined by equation
in homogeneous coordinates x 0 , x 1 , x 2 , x 3 , x 0 , x 1 , x 2 , x 3 , ψ 1 , ψ 2 , ψ 3 , ψ 1 , ψ 2 , ψ on P 3|3 × P 3|3 . The quadric a is complex supermanifold. It makes sense therefore to talk about differential (p, q)-forms Ω p,q (Q(5|6)).
It was suggested in [2] that it would be nice to use geometric methods of [3] to define the Lagrangian of N=3 D=4 YM theory in twistor formulation in a way similar to holomorphic Chern-Simons. If a is (0, 1) matrix-valued form then the Lagrangian should be
where V ol is some integral form.
The main result of the present note is that we construct integral form V ol and give a definition of the domain of integration Z.
The following definition will be useful 
We call it a Chern-Simons theory associated with dga (A, d, tr)
Thus the matrix-valued Dolbeault complex (Ω 0,• (U ) ⊗ M at n ,∂) with trace defined by the formula tr(a) = tr Matn Z aV ol would give an example of such algebra, had we the domain Z and a supermeasure V ol.
We construct measure V ol and a domain of integration Z in several steps.
Step 1. We define a compact supermanifold ΠF and construct an integral form µ on it in a spirit of [3] . Let A rd be a Dolbeault complex of ΠF . Integration of an element a ∈ A against µ over ΠF defines a∂-closed trace functional on A rd . The Chern-Simons theory associated with dga (A rd ⊗M at n ,∂, tr ⊗tr Matn ) turns to be equivalent to N = 3, D = 4 Yang-Mills theory with gauge group U n reduced to a point.
Step 2. From the algebra A rd we reconstruct a differential algebra A. The algebra A ⊗ M at n conjecturally encodes full N = 3, D = 4 Yang-Mills theory with gauge group U n in a sense of definition (1) . If we put aside the differential d, A is equal to A rd ⊗ C an (R 4 )(an stands for analytic). The integral form we are looking for is equal to V ol = µdx 1 dx 2 dx 3 dx 4 , where R 4 is equipped with coordinates x 1 , x 2 , x 3 , x 4 .
Step 3.
The domain of integration Z is not a complex submanifold of Q(5|6). Instead, metaphorically speaking, it is as much real as it could be. Still the manifold Z carries some traces of complex structure of ambient Q(5|6). It has a foliation F with complex leaves. This enables us to define an algebra B of Few words about the structure of the note are in order. In the section (2) we introduce basic definitions and setup notations.
In sections (3.1-3.3) we give a geometric twistor like description of N = 3 D = 4 YM theory reduced to a point( Step 1). In Section (4) we do Step 2, section (4.2) we do some preparatory work for Step 3. In section (4.4) we do
Step 3. The main propositions are (16 and 24).
The exposition is rather sketchy. Not all the proofs in this note are spelled out. We hope to write a more expanded version elsewhere.
Definitions and notations
2.1 Group GL(4|3) and its homogeneous space Q(5|6).
In this section we examine the manifold Q(5|6) as a homogeneous space. It will allow us to exhibit a global holomorphic super volume form vol-a section of holomorphic Berezinian line bundle. This volume form will be one of the ingredients of the supermeasure V ol.
Denote Q(5|6) a supermanifold which a submanifold of P 3|3 ×P 3|3 defined by equation (1) . The action of GL(4|3) preserves the equation (1) . Hence Q(5|6)
is GL(4|3)-space. In fact it is a homogeneous space .
Let C 4|3 be a complex linear super space, on which GL(4|3) acts. We can identify the quadric Q(5|6) with the space of partial flags as it is done in purely even case (see [5] for example). Any flag
where F 1 ∼ = C 1|0 and F 2 ∼ = C 3|3 can be interpreted as a pair of points F 1 ∈ P 3|3 , F 2 ∈ P * 3|3 . The * sign means a dual space. The condition (5) is equivalent to (1) .
Let us choose a standard basis e 1 , . . . , e 7 of C 4|3 with the parity ε of elements is ε(e 1 ) = ε(e 2 ) = ε(e 3 ) = ε(e 7 ) = 1, ε(e 4 ) = ε(e 5 ) = ε(e 6 ) = −1. In this notations a standard flag F
defines a point in the space Q(5|6).
It is easy to compute a shape of the matrix of the stabilizer of F . The following picture is useful gl(2|3)
The stabilizer P with a Lie algebra p is formed by matrices with zero entries below thick solid line in picture (7). The stabilizer has a form P = C * × C * × GL(2|3) ⋉ Rad, where Rad is the radical of the parabolic subgroup P .
Denote i : GL(4|3) → GL(4|3)/P the projection. The tangent space to a point i(1) in homogeneous space GL(4|3)/P can be identified with gl(4|3)/p.
A Lie algebra m is formed by elements with nonzero entries below thick solid line isomorphically projects into gl(4|3)/p. However this map is not a map of P representations. The quotient space is a representation of P which is isotropy representation of P at the tangent space at the point i(1) ∈ GL(4|3)/P .
The space m decomposes into a sum
The reader can easily identify these spaces with matrix block in the picture is an element of Ber(gl(4|3)/p) * . It is invariant with respect to the action of P .
Proof. The proof is given in subsection (4.5).
As a corollary of proposition (8) we get
Proposition 3
The element vol can be extended to GL(4|3)-invariant section vol of Ber C Q(5|6).
2.2 Group SP and its homogeneous space ST .
In this section we introduce a subset ST = U ⊂ Q(5|6) which is invariant with respect to super-Poincare group SP . We make a treatment of ST as a homogeneous SP -space. The space ST will play an important role in construction of the domain X ⊂ Q(5|6) over which the Lagrangian density will be integrated.
Introduce notations: W is a two-dimensional vector space, W =< w
We shall have two copies of W which we denote W l , W r . Let T be 3-dimensional vector space, T * -its dual and
The group GL(4|3) acts on W l + W r + ΠT ∼ = C 4|3 via its tautological representation. The sign Π denotes a parity change.
Define a super Lie algebra susy 0 (3) = susy 0 = V , susy 1 (3) = susy 1 =
The nontrivial bracket on susy 1 defined by the formula:
, where (t, t * ) is a contraction of vector and covector.
is acting on susy in an obvious manner. Denote
Similarly define
with the factor in the second bracket equipped with trivial Lie operation. We can also define a crossproduct GL 3 ⋉ SP and GL 3 ⋉ GrSP with GL 3 acting nontrivially only of the spaces T, T * .
The group GL 3 ⋉ SP embeds into GL(4|3) by the rule:
It implies that the group SP acts on the superquadric Q(5|6). It is easy to see that the group (SO(4) ⋉ V ) × GL 3 is a parabolic subgroup of GL(4|3) red . It means that the action of the former group on a generic point sweep a union of Schubert cells in Q(5|6) red . The precise GL(4|3)-intrinsic description of the ST is unknown, except it is a dense in Q(5|6).
The linear spaces < w − i >; i = l, r are invariant with respect to B i .
Definition 6 A set < w
susy which is invariant with respect to the action of B l × B r .Denote by H the Lie group (B l × B r ) ⋉ A with Lie algebra h.
Proposition 7
The stabilizer of the flag (6) is equal to (
Proof. It becomes obvious if superimpose pictures (7 and 11).
The restriction of the volume form vol from (8) defines SP -invariant section of vol ST ∈ Ber C ST Definition 8 Extend the Lie group SP to SP G by adding "ghosts" for translations. We get
The action of SP on ΠV factors through SL 
Manifold ΠF
The manifold ΠF is a deformation of a more simple ΠF . In this section we give relevant definitions concerning ΠF .
O(1) the dual to the Hopf line bundle over P 1 . The Picard group of X is Z + Z.
It is generated by the classes of line bundles π * 
Denote SymV, ΛV symmetric and exterior algebras of a vector space (bundle).
Denote Θ = O(1, 1). We construct a vector bundle F over X. It is a direct sum of line bundles
The supermanifold ΠF is the total space of vector bundle F with changed parity fibers. The manifold ΠF is closely related to ST and the relation will be examined in the following sections.
Properties of ΠF .
Aiming to define the manifold ΠF which is a deformation of ΠF we exhibit in this section the deformation cocycle, which defines an infinitesimal deformation of the complex structure on ΠF . We extend it to actual deformation of ΠF . The manifold ΠF is not homogeneous, which requires an extra work for definition of the integral form. We construct the form in the present section.
The manifold ΠF is a complex supermanifold. One can define a Dolbeault
. This is a differential graded algebra. The manifold ΠF is split, therefore the algebra (Ω 0,• (ΠF ),∂) contains as a differential subalgebra the Dolbeault complex Ω 0,• ΛF * of vector bundle ΛF * .
Proposition 9 Differential algebras Ω 0,• (ΠF ) and Ω 0,• ΛF * are quasiisomorphic.
The canonical class K X is equal to O(−2, −2).There is a nontrivial cohomology class-"fundamental" class: The manifold ΠF is Calabi-Yau. By this we mean that Ber C is trivial.
Indeed the determinant line bundle of
It implies that the bundle Ber C ΠF admits a nonvanishing section.
This section is SO(4)-invariant. The action of C+ C-the unipotent subgroup of parabolic B ⊂ SO(4) (for which X = SO(4)/B) on large Schubert cell of X is by translations (the unipotent subgroup is commutative and by definition the action is free). Hence the section of Ber C ΠF is
where α 1 , . . . ,α 3 , θ are C + C-invariant coordinates on the odd fiber.
On manifold ΠF we can construct a global holomorphic integral 2-form the way explained in (5.1). In our case it is equal to c ΠF = α 1 . . .
Proposition 10 The form µ = vol ΠF ⊗c ΠF is D closed nontrivial integral
It defines a∂ + α-closed trace on Ω 0• (ΠF ) ⊗ M at n by the formula
The algebra of cohomology of (Ω 0,• (ΠF ),∂) coincides with an A ∞ -algebra C =
) which we will describe now. The differential α will induce
is equal to i + s, the additional grading is equal to k + 2s(preserved by∂ and α).
We used somewhat perverted ghost grading, which differs from conventional by one. In particular the ghost grading of the gauge and spinor fields is equal to one. In the table below you will find the field content :
The groups
killed by the differential [α] and should be considered as auxiliary fields. It is possible to reconstruct all operations in this algebra.
Proposition 11
The group SP G acts on ΠF . The Lie derivatives of µ with respect to generators of Lie algebra of SP G are∂ + α-exact.
Proposition 12
The CS-theory constructed by differential graded algebra with
is equivalent IKKT.
Proof. One can adopt a technique of [4] to prove this statement.
Relation of ΠF and ST
It might seem that the manifold ΠF has appeared from nowhere. In this section
we demonstrate an intimate relation between ΠF and ST .
The subgroup of translations V ⊂ SP acts on ST .
Consider a tensor product Ω 0,• (ST ) ⊗ Λ(V ) with a differential equal to∂ +
for the basis in the space of V -"ghosts", L xij for Lie derivative along the vector field on ST corresponding to a generator x ij ∈ V .
Proposition 13 There is a homomorphism of differential graded algebras
which is a quasiisomorphism.
One can interpret this result as a statement that ΠF is a partial minimal
Since the action of V on ST is not free one can say that this is an intelligent way of reducing the theory to a point.
Nonreduced theory
This is the main section in the note. The integral form in its final shape is constructed in this section.
Construction of the integral form.
The integral form which will be used in construction of the Lagrangian will appear naturally in the process of recovering ST from ΠF . One may think it reverses reduction made in proposition (13) in which the algebra gets smaller.
As a byproduct of such thing we get an algebra A with a trace. It will have a desired relation to SYM. We postpone however the discussion of the relation of this algebra to the twistor manifold Q(5|6) till the section (4.4).
We will build a "cross-product" of Ω 0,• ( ΠF ) and Hol(V )-holomorphic functions on V . The linear space V has coordinates
There is an SO(4) equivariant identification V ∼ = H 0 (O (1, 1) ). The line bundle O(1, 1) is generated by its global sections. We have a short exact sequence:
where V is considered as a trivial vector bundle with fiber V . This sequence It follows from our construction that
One can define an integral form on manifold ΠF × V :
Proposition 14 V ol is invariant with respect to D, D ′ and therefore with respect to D ext .
Proposition 15
The algebra
To use V ol for integration one needs to choose a real four-dimensional cycle in V = C 4 . The linear space V carries a bilinear form (., .). Suppose that the restriction of (., .) on the cycle Σ is positive definite. We call such cycle riemannian.
Conjecture 16 Suppose U is a small neighborhood of a riemannian cycle Σ ⊂ C 4 such that Σ is a real linear subspace in V . Denote Z = ΠF × Σ. The algebra
The CS theory constructed by this data and matrix algebra M at n is equivalent to N=3 SYM in dimension four build by euclidean metric and a gauge group U n . The equivalence should hold also on quantum level.
Construction of ST via deformation.
The manifold ST is a homogeneous space of the Poincare group SP . We however are forced to drop this point of view constructing the domain of integration Z.
Instead we define ST as a deformation of a more simple manifold GrST , which is not SP homogeneous . It is easy to define Z in terms of GrST and then lift Z to ST . This motivates constructions present in this section.
Consider a manifold T otM * which is a total space of the vector bundle M * .
It has a projection p : T otM * → X. The total space of the pullback ΠH on T otM * via p we denote by GrST .
Lemma 17
The space of global sections of M * is isomorphic to V .
The space T otM * is homogeneous space of SO(4) ⋉ V , hence the space GrST is a homogeneous space of GrSP .
Proposition 18 There is a nontrivial SO(4)-invariant cohomology class
Proposition 19
The representative β ∈ Ω 0,1 M * (−1, −1) defines a nontrivial deformation of complex structure on GrST . The element β can be chosen to be
It is easy to see that β commutes with action of V on GrST .
Proposition 20 A deformation of the manifold GrST defined by β is isomorphic to ST .
The algebra Ω 0,• Λ(H * ) ⊗ SymM is a subalgebra in Ω 0,• (GrST ).
Proposition 21 The image of embedding
is invariant with respect to differential β. Since the bundle M is defined via embedding in short exact sequence (15) we have a map i 
Computation of some cohomology.

In this section we give arguments in support that the open subset ST ⊂ Q(5|6)
has indeed some relation to D=4 N=3 SYM. It is not apriory entirely obvious, because standard theorems about twistor transform assert only the existence of some subset of Q(5|6). We show that the first cohomology of the structure sheaf on ST is isomorphic to the space of solutions of the linearized SYM equation.
In the quest for a good subset U ⊂ Q(5|6), holomorphic bundles on which The n-th symmetric power of the short exact sequence (15) give rise to a short exact sequence
Using long exact sequence arguments and already computed groups (14) we
) can be computed from exact sequences:
The groups 
. This map is transgression in some spectral sequence and is defined as follows. A representative
, can be extended to a chain of elements x = x 0 , x 2 , x 4 ,
The spectral sequence we mentioned in the previous paragraph has the following construction. First we need to formulate a proposition. 
which sweep a foliation of X × Σ in a sense of subsection (5.2). A key ingredient of this construction is SO(4, R)-invariant metric.
A projection
has holomorphic fibers. We can define G as T C (X)-antiholomorphic tangent bundle to the fibers of projection (21). We need to make a connection of X × Σ with the open orbit ST ⊂ Q(5|6).
We know from proposition (20) that manifold ST is a deformation of a more simple complex manifold GrST .
We can identify GrST with the total space T ot(ΠH ⊕ M * ), the symbol ⊕ denotes a direct sum of vector bundles. There is a projection p : ΠH ⊕ V → ΠH ⊕ M * with one-dimensional fiber.
Then the map p restricted to ΠH × Σ is an embedding. The signature of the restriction of (., .) is important in our construction, because projection p shrinks all isotropic directions.
In case of euclidean signature the structure holomorphic fibration comes as a free bonus with such embedding: the two-dimensional plain tangent to foliation is a maximal complex subspace which contains in Σ when it is mapped to a complex 3-dimensional fiber of M * .
The restriction map Ω 0,• (GrST ) → Ω This as a more ST -intrinsic construction of the manifold ΠF × Σ, which first appeared in conjecture (16). The point is that we interpreted a variable θ as one-form defined along one-dimensional foliation H.
Now we would like to make a simple observation. It if we complexify Σ factor in ΠH × Σ we will get back to construction (16).
With such identification in light of proposition (15) 
Proofs of some statements.
In this section we do some proofs.
Proof of Proposition 2 Let us understand the structure of the representation gl(4|3)/p. It is easy to see that for any l ∈ rad and element v ∈ m we have [v, l] ∈ p. It implies that the action of rad on gl(4|3)/p is trivial(it is not always that case for homogeneous spaces).
What is left is to analyze the action of C * × C * × GL(2|3) on the space gl(4|3)/p. It is easy to see that the map m → gl(4|3)/p is an (isomorphic) map of C * × C * × GL(2|3) representations. It mean that we need to examine the
There is a number of identifications between representations(bundles ...) which involve Ber. These are Ber(A + B) = Ber(A) ⊗ Ber(B), Ber(A * ) = Ber(A) * and Ber(ΠA) = Ber(A) * , where Π is the parity inversion, * notation for contragradient representation. Using this observations we infer:
is an isomorphism of GL(2|3) representations. The action of GL(2|3) is trivial on C 1|0 . The formula (22) implies that element (8) is invariant with respect to
GL(2|3).
We need to analyze the action C * × C * on Ber(gl(4|3)/p) * .
For example an element z ∈ C * × 1 ⊂ C * × C * acts on C 2|3 + C 1|0 by multiplication of all coordinates on z and acts trivially on C * 2|3 . Supertrace of the derivative of such transformation is equal to zero. The second case is proved similarly.
Proof of Proposition 11
The action of SU (2) × SU (2) ⊂ SP is unmodified by α. The vector field θ γ -the odd generator of SP gets modified
The element 
dual to (15) we conclude that
The sheaf O(−2, −2) is the canonical class of X, hence
Denote a SO(4, R)-invariant representative, whose value on fundamental class of X equal to one by ν The isomorphism (25) is defines in the following manner.
Consider the image of β in Ω 0,1 (M * (−1, −1) ). This is our cocycle; all choices in transition from ν to β can be fixed by requiring SO(4, R)-invariance.
Proof of Proposition 19
The cocycle β extends to a derivation Ω 0,• (GrST ).
It coincides with the µ ij from section 1.4.
We have a chain of inclusions
T C is a holomorphic tangent bundle. It is obvious that the inclusions induce inclusions in homology. The group H 0,1 (GrST, T ) classifies infinitesimal deformations.
Proof of Proposition 20
The only nontrivial relation of β with the symmetry group GrSP is through the Π(
Lemma 27
The group
Proof. From the structure of Λ 1 (H * ) ( see formula (13)) we may assume that we need to compute groups From this result we conclude that the equation {∂ + β, θ γ + φ γ } = 0, where
is resolvable with respect to φ γ . It means that θ γ + φ γ is holomorphic with respect to the new complex structure with∂ new operator equal to∂ + β. Denote
The following identity holds:
This computations shows that x γβ is a holomorphic section of M * .
Lemma 28
Proof. The group of sections can be computed using (24), knowing that Suppose that the map Sym 2 susy 1 → V is equal to zero. Then notice that the constructed deformed manifold is a homogeneous space of GrSP . Our space is completely determined by the isotropy groupH. The latter is a rigid subgroup inside of GrSP .
The R-group GL 3 preserves the cocycle β. From this we can uniquely identify subgroupH of GrSP . It is equal to A, except it has abelian odd part.
It means that our manifold is isomorphic to GrSP/H = GrST and hence is undeformed. It means the cohomology class of β is equal to zero Our manifold is a homogeneous space of super Poincare group SP . The manifold has isotropy group A. Hence it is isomorphic to ST .
On integral forms.
On a complex super manifold a real line bundle Ber is a tensor product Ber C ⊗ Ber C , where Ber C is a holomorphic line bundle, called a holomorphic Berezinian, the bar symbol means a complex conjugation. The symbol ⊗ in context of vector bundles will always mean their fiberwise tensor product.
A complexification of the tangent vector bundle T of a complex manifold splits into a sum T C + T C , where T C is a holomorphic and T C is an antiholomorphic component. This implies that
In other words, on complex manifold we can consider not only differential (i, j)-forms, but also integral (i, j)-forms.
Suppose M is a n-dimensional manifold, V is an k-dimensional vector bundle.
On the total space ΠV there is a canonical section of c ΠV ∈ Ber ⊗ Λ n (T ). In local odd fiberwise coordinates θ i it is equal to c ΠV = θ 1 . . . θ k dθ 1 ∧ · · · ∧ dθ k .
If M is complex then c ∈ Ber C ⊗ Λ n (T C ).
Proposition 29
The forms c ΠV andc ΠV are∂-closed.
Proof. Since the formula (29) does not depend on the choice of coordinates on M one can do a local computation, which is trivial.
Algebra related to a foliation
Definition 30 In this subsection we adopt an algebraic point of view on foliations. We think about a foliation on a (super)manifold Y as of a direct summand F in the complexified tangent bundle T ⊗ C, such that for any sections a, b ∈ F,
Example 31 An ordinary foliation (local fibering of Y by leaves) gives an example of such structure. F is a complexification of a bundle formed by vector fields tangent to the leaves. In this case we say that F is purely real.
Example 32 Suppose Y is a complex manifold. Then T ⊗ C = T C + T C . Then
Define an algebra of differential leafwise forms Ω * F as a quotient Ω/I F , where Ω is the algebra of differential forms on Y , I F is an ideal in Ω generated by sections of conormal subbundle (Ω 1 ) ⊥F . In this case I F is closed under the differential and Ω * F is a differential algebra. We say that a bundle G is equipped with connection along foliation F if there is an operator ∇ : Ω 
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